The perturbation method is an approximation scheme with a solvable leadingorder. The standard way is to choose a non-interacting sector for the leading order. The adaptive perturbation method improves the solvable part in bosonic systems by using all diagonal elements of the Fock state. We consider the harmonic oscillator with the interacting term, λ 1 x 4 + λ 2 x 6 , where λ 1 and λ 2 are coupling constants, and x is the position operator. The spectrum shows a quantitative result, less than 1 percent error, compared to a numerical solution when we use the adaptive perturbation method up to the second-order and turn off the λ 2 . When we turn on the λ 2 , the deviation becomes larger, but the error is still less than 2 percent error. Our qualitative results are demonstrated in different coupling regions, not only focused on a weak coupling region.
Introduction
In real life, various quantum systems are hard to solve [1] . The exact solution only exists in some physical systems with a high symmetry like a hydrogen atom, harmonic oscillator, etc. Therefore, we usually use the above solvable systems to generate a more complicated system by perturbing the solvable systems. In quantum field theory (QFT), we often choose a non-interacting theory for the solvable systems. When the coupling constants become stronger, the perturbation series cannot explore any physical significance. Hence the perturbation technology only probes physics in a weak coupling region. However, the perturbation series is not convergent, but it is asymptotic convergence. We lose a first principle study in such a perturbation although our calculation may not reach enough orders for worrying the problem of asymptotic convergent. The divergent series was solved by the Borel summation in some models, but it needs to do a complicated summation. We will adopt the adaptive perturbation method [2] , and the method is simple enough to provide an analytical solution to the spectrum. In this letter, our calculation is only up to the second-order, but the analytical solution is enough to show a qualitative comparison to numerical solutions in different coupling regions beyond a weak coupling perturbation.
The adaptive perturbation method chooses the diagonal elements of a Fock space for the solvable part [2] . This includes the interacting information at the leading order, and the unperturbed state is always a Fock state [2] . Before we studied QFT, the unperturbed state is an eigenstate of a non-interacting theory, but it is not a Fock state when a mass term loses. Another difference is to introduce a variable γ, which does not change the commutation relation between the momentum and position operators [2] . The γ will be fixed by minimizing the expectation of energy [2] . We usually expect that the variation method can give a suitable estimation to a ground state. However, the leading-order result shows that the estimation is not only good enough for a ground state but also for excited states in all tested coupling regions [3] . The variation method should give a suitable saddle point. When one applied the time-independent perturbation to the anharmonic oscillator model without a mass term, the perturbation parameter is not a coupling constant [3] . This gives evidence for such a perturbation is still valid for a large coupling constant. The central question that we would like to address in this letter is the following: How practical for the adaptive perturbation method?
To answer this question, we demonstrate an analytical study from the second-order perturbation. If this method is practical, the second-order calculation should provide a result close to the numerical solutions. At the leading order, we fix the variable by minimizing the expectation of energy. For the second-order calculation, the fixing has the ambiguities. We can choose the same value for the γ as the leading-order or fix the γ by minimizing the energy at the second-order. However, the final result should not depend on the γ if one does the perturbation to all orders. The choice of the γ should rely on how the convenience of the calculation and how practical. However, the calculation is simple and practical if one chooses the value of the γ as in the leading-order.
In this letter, we consider a harmonic oscillator model with the potential λ 1 x 4 + λ 2 x 6 , where λ 1 and λ 2 are coupling constants, and x is the position operator. The saddle point can be given exactly in such a model. Hence we can provide an analytical solution to the second-order perturbation. Usually, the perturbation study in a strong coupling region is complicated and is hard to have an analytical solution. We compare the analytical solution to the numerical solutions for different values of the coupling constants, and the maximum deviation is around 2%. Because our calculation is only up to the secondorder, the adaptive perturbation method should be practical.
Adaptive Perturbation Method
We show the procedure of the adaptive perturbation method from the Hamiltonian H = p 2 /2 + ω 2 /2 + λ 1 x 4 /6 + λ 2 x 6 /120, where p is the momentum operator, ω is the frequency. The commutation relation between the x and p is [p, x] = −i. We rewrite the x and p in terms of the creation operator A † γ and annihilation operator A γ [2]:
To satisfy the commutation relation between x and p, the creation and annihilation operators need to satisfy [A γ , A † γ ] = 1 [2] . The factor γ is scaling from the x, and it does not modify [p, x] = −i. The creation and annihilation operators depend on the γ. Hence the vacuum state also depends on the γ,
We decompose the Hamiltonian to a solvable and perturbation part [2] . The solvable part H 0 (γ) is the diagonal elements of Fock space [2] . Other terms in the Hamiltonian are the perturbation part V (γ) [2] . Hence the solvable part H 0 (γ) in H contains the coupling constants. When we apply the time-independent perturbation to the eigenenergy in single-particle system, the formula of the eigenenergy is
where E 0 n is the n-th unperturbed eigenenergy, and |n (0) is the n-th unperturbed eigenstate. Because the V is the non-diagonal elements of the Fock space, the first-order term n (0) |V |n (0) vanishes. We determine the unfixed variable γ by minimizing the expectation value of the energy E n (γ) min , which is also E (0) n . The E k,n is the k-th unperturbed eigenenergy, calculated by the n-th unperturbed eigenstate's γ. Hence we determine the value of γ by the leading order or the solvable part and continuously use the same value in the higher-order perturbation terms. Because each unperturbed state gives a different value of γ, using the same value for all states in the second-order term seems strange. However, we will show that the perturbation solution can compare to the numerical solution in a strong coupling region without losing the comparability in other coupling regions.
The unperturbed spectrum is [3] E n (γ) min
The expectation value of the energy is minimized when the γ is positive and satisfies [3] 
Our direct second-order calculation gives the spectrum
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Now we analyze some special cases. When ω = λ 2 = 0, each perturbation term is at the same order of the coupling constant λ The kinematic term is discretized as (p 2 /2)ψ → −(ψ j+1 − 2ψ j + ψ j−1 )/(2a 2 ), where ψ j is the eigenfunction at the site x j for the lattice theory, and a is the lattice spacing. The lattice index is labeled by j = 1, 2, · · · , n, where n is the number of lattice points. The lattice system has n + 1 lattice points with a lattice size 2L and the periodic boundary condition as the below:
We do an exact diagonalization to obtain the eigenenergies. In the numerical solution, we choose the lattice size and the number of lattice points: L = 8 and n = 1024. This gives a more accurate result than Ref. [3] . Hence our observation can be more concrete.
We first turn off the λ 2 . Our second-order perturbation solution only deviates from the numerical solution within 1% in Tables 1, 2 , 3, and 4. The mass term reduces the deviation so much in the weak coupling region by comparing Table 2 to Table 4 . Therefore, the mass term ω 2 /2 in a weak coupling region is quite suitable for the adaptive perturbation method. When we turn off the λ 1 and λ 2 , the adaptive perturbation method gives an exact solution to the harmonic oscillator with a non-vanishing mass term [2] . Hence the weak coupling region gives a nearly exact result in Table 4 , and the deviation becomes larger for a stronger coupling constant in Table 3 . However, the maximum deviation does not go beyond 1% in Table 3 . Therefore, the adaptive perturbation method is still valid. We only use the second-order perturbation to obtain the accurate result for the interaction x 4 . Hence the adaptive perturbation should be practical. We will do a similar test for λ 2 = 0 in the next section. We define Deviation 1 as Now we turn on the interacting term x 6 . The maximum deviation for the second-order perturbation becomes 1.742% in Tables 5, 6 , 7, and 8. The reason is possibly due to that the x 6 term gives more transitions in the second-order term than the x 4 term. Hence suppressing the deviation to 1% is necessary from a higher-order calculation. However, the deviation is good enough for a qualitative study. By comparing Table 6 to Table 8 , introducing a mass term reduces the deviation dramatically in a weak coupling region. We find that the situation of the case λ 2 = 0 is similar to the case λ 2 = 0.
We are more confident about our observation for the λ 2 = 0, and the observation is Table 2 : The comparison between the perturbation and numerical solutions for the ω = 0, λ 1 = 0.25, and λ 2 = 0.
possibly generic. The comparison should show that the adaptive perturbation method is practical because a qualitative study does not lose in all tested regions just by the second-order perturbation. Table 4 : The comparison between the perturbation and numerical solutions for the ω = 1, λ 1 = 0.25, and λ 2 = 0.
Outlook
Because the model that we considered is non-integrable, the summation of the perturbation series to all orders cannot have an exact solution. However, a quantitative result appears in the second-order should imply that this method is quite efficient. Because the second-order calculation has ambiguities for choosing the γ, our demonstration should justify the choosing being convenient and practical. To understand our real world, we must face non-integrable models. Therefore, it is impossible to have an exact solution always, but the adaptive perturbation method [2] can provide an analytical solution to all coupling regions. Especially for a strong coupling region, it is hard to have an analytical study from a perturbation study before. We demonstrated that the adaptive perturbation method is simple enough to provide an analytical solution to compare to the numerical solutions.
Our consideration can be easily extended to the scalar field theory. In QFT, one can study interesting directions related to the critical points by using the techniques of a renormalization group flow. Using the adaptive perturbation method, one can probe a 
